
h = •  (2n-k 1). (24) 

I t  follows f r o m  Eq. (24) that  i f  n = i and t = • then A = "0.18.  Thus,  smal l  osci l la t ions  of the ra t io  6c/60(3%) 
can lead to s ignif icant  deviat ions  of the breakup  rad ius  (:~ 18%), which c o r r e s p o n d s  to the phenomenon observed .  

NOTATION 

K, n, rhenologica l  cons tan ts ;  p, densi ty;  ~, su r face  tension;  r ,  c u r r e n t  cup rad ius ;  R, m a x i m u m  cup 
rad ius  ; r c ,  c r i t i ca l  rad ius  for  f i lm breakup;  r = r = r / R ,  d imens ion les s  cu r ren t  radius ;  ~c = r c / R ,  d imens ion less  c r i t i -  
cal  rad ius ;  50, 5 c, ac tual  and c r i t i ca l  f i lm th icknesses ;  5, c u r r e n t  th ickness ;  R r ,  r idge rad ius ;  h0, r idge 
height;  h, c u r r e n t  r idge height;  ~0, l imi t ing wett ing angle;  0, cu r r en t  angle of tangent to r idge su r face ;  ~,  
angle between axis  of ro ta t ion  and tangent  to cup su r f ace ;  w,  angula r  veloci ty  of rota t ion;  q, volume liquid flow 
r a t e ;  v 1 and vg0, mer id iona l  and tangential  ve loc i t i es ;  fi = 4Vlm/Wr, ~ = 4V~m/wr, d imens ion less  ve loc i t ies ;  Ma 
M w, momen t s  of su r f ace  and cent r i fugal  fo rces ;  Mv, momen t  f r o m  veloci ty  head; Pr, p r e s s u r e  within r idge;  
Pvm, p r e s s u r e  f r o m  veloc i ty  head;  PWm, Ppm, p r e s s u r e s  f r o m  cent r i fugal  force  components  tangent and nor -  
mal  to cup su r face ;  A, deviat ion range  of b reakup  radius  f rom ca lcu la ted  value;  r m a  x, r m i  n, l imit ing devia-  
t ions of b reakup  rad ius ;  ~c ,  angle of tangent  to curve  5c/50 = f(r) at c r i t i ca l  point; t, r andom osci l la t ion of ra t io  

5c/50. 
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L A M I N A R  F L O W  O F  A V I S C O U S  I N C O M P R E S S I B L E  L I Q U I D  

O V E R  T H E  S U R F A C E  O F  S O L I D S  O F  R E V O L U T I O N  

A .  D .  G l i n k i n  a n d  V.  A .  R u k a v i s h n i k o v  UDC 532.517.2:532.62 

The  l a m i n a r  flow of  a viscous  i ncompres s ib l e  liquid o v e r  the su r face  of s t a t ionary  solids of 
revolut ion is examined  for  the case  of c i r c u l a r  inflow of the s t r e a m .  

Dispe r s ing  agents  a r e  p re sen t ly  used in indust ry  [1-6] whereby a s t r e a m  (jet) of v iscous  liquid sp reads  
in an a x i s y m m e t r i c  thin layer  ove r  the su r face  of s t a t iona ry  solids of revolut ion of var ious  shapes .  Severa l  
works  [7-13] have been devoted to the study of such l amina r  flows. However ,  the r e su l t s  here  were  obtained 
without r e g a r d  for the p a r a m e t e r s  of the inflowing s t r e a m ,  which leads to the appea rance  of quanti t ies  in the 
theore t i ca l  data whose values  can be found only by e x p e r i m e n t - a  se r ious  def ic iency of these  r e s e a r c h e s .  

The re  a r e  s tudies  [14-16] which have ove rcome  this p rob lem.  

This  a r t i c l e  examines  the a x i s y m m e t r i c ,  s table  t h in - l aye r  flow of a v iscous ,  i ncompres s ib l e ,  un i form 
liquid over  the cu rv i l i nea r  su r face  of sol ids of revolut ion in the l amina r  mode as  a r e su l t  of the inflow of an in -  
finite c i r c u l a r  s t r e a m ,  with al lowance for  the working p a r a m e t e r s  of the la t ter .  

We will examine  flow of the liquid in the spec ia l  s y s t e m  of coordina tes  l ,  7, and O. The given coordinate  
s y s t e m  is or thogonal  (Fig. 1). 

S. M. Ki rov  Kazan '  Ins t i tu te  of Chemica l  Technology.  T rans l a t ed  f r o m  Inzhenerno-  Fiz icheski i  Zhurnal ,  
Vol. 39, No. 1, pp. 57-63, Ju ly ,  1980. Original  a r t i c l e  submit ted Apri l  5, 1979. 
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Fig. 1. Flow d iag ram 

In solving the problem, we assume that: 1) the thickness of the layer of liquid is significantly less than 
its cor responding  coordinate l and the radius of curvature  of the surface;  2) the effect of fr ict ional forces  of 
the layer  re lat ive to the environment ,  body forces ,  and forces  of surface tension on flow of the layer is negligi- 
ble; 3) the p re s su re  gradient  in the region of film flow is smal l ;  4) the entire th in- layer  flow is divided into 
two regions  ; the first ,  to the line of contact  of the surface  of the boundary layer  with the surface of the flow 
the second, beyond the contact  line. The f i rs t  region consis ts  of the boundary layer,  the thickness of which in- 
c r e a s e s  up to the path of the flow, and an outer layer with a veloci ty u 0. 

Let  us examine the development of the boundary layer in the f i rs t  region. 

Taking into considerat ion the above assumptions and using Slezkin's  method [7] in solving the N a v i e r -  
Stokes equation, the movement  of the layer  of viscous liquid in our case may be descr ibed by the equation 

02vz 
g/~ = v ~ ,  (I) 

where 

6 
1 ( (vz Ov~ Ovz r = --d- j" ~ v~ W+  )en. 

0 

In solving (1), we use the following boundary conditions: 

V t = 0 ,  Vn==0 at ~1=0, 

OVz vl = U0, - - 0  at ~ l =  6. 
Oq 

Integrat ing (1) with boundary conditions (3) and (4), we obtain 

(2) 

(3) 

(4) 

W~ = 6 z , 

while the equation for longitudinal velocity has the form 

= ~ _  (2q6__ ~qz). (6) Vl 

Using the resul ts  obtained, we solve Eq. (2): 

2u2o (08 6 Or) 
W , - -  156 --~ + r Ol " (7) 

Simultaneous solution of (5) and (7) with the condition that l =0, r = 0, and 6 =0 gives us 

l j. 62 _ 30v rZdl" (8) 
Uo r2 

o 

Equation (8) is the relat ion for the thickness of the boundary layer formed with the flow of an ax t symmetr ic  
thin layer  of liquid over the curvi l inear  surface of solids of revolution. 
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Considering that the rate  of flow ac ross  the boundary layer  at the contact  line is equal to the total rate 
of flow and taking Eq. (8) into account,  we will write the express ion  for determining the coordinates  of the con- 
tact  line with the flow of the layer  over packing of a r b i t r a r y  fo rm as follows 

j rZdl= 3Q ~ 
160a2vuo 

0 

(9) 

We obtain the thickness of the layer up to the contact  line .in the form of the sum of the thicknesses  of the 
boundary layer  and outer flow: 

r~ ~ (lO) 
h= -~-~ 3 

To find the thickness of the fi lm beyond the contact  line, we use the relat ion 

h = 5aVrQ j rZdl + --Or ' (11) 

obtained in [11]. The contact  C is found f rom the condition that h =5 at r = r 0. Then (11) takes the form 

( 21r~ (12) h= 5~____.~ rZdl_t - ~-ff . 
rQ 

Equations (10) and (12) r ep re sen t  the relat ions for the thickness of the layer  of liquid formed in the axi- 
s y m m e t r i c  spreading of a s t r e a m  of liquid over the surface  of solids of rotat ion of a rb i t r a ry  shape. 

Using the resu l t s  obtained, it is not difficult to derive formulas  for determining the thickness of the layer  
of liquid flowing over  specific forms of solids of rotation.  

Let us examine the case of plane packing. To determine the thickness of the boundary layer 

6 =  V lOvr 

while the radius of the contact  line 

ro = 0.261re 3|/f 
Q 

~ ' r  c 

The thickness  of the layer  up to the contact  line 

r -~ /" lOvr (13) 
h=-~r -"- V 9ziu ' 

and af ter  the contact  line 

21d  (14) 5 ~ v r  ~" . ,~ . .  

3Q 32r 

Equation (14) conf i rms  the presence  of a thickness minimum for the layer  of liquid on the packing, dis-  
covered  and examined in [7]. The radius of the line with a layer  of minimum thickness is found f rom the for-  
mula 

3 t O (15) 
rmt n = 0,397r c ~ /  

~ r  c 

The minimum thickness may be found f rom the formula 

e r r  c (16) 
hmn , = 2,48r c Q 

For conical packing we will accordingly  have the following 

~ / lO~r V Q s i n c ~  
: _ _ ,  ro-- 0.261r c 

t t  o s i n  o~ ~ r  e 
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~//  Yrc 
hmin = 2"48rc Q sin 

The t h i cknes s  of the l aye r  to the con tac t  line 

3 /  Q sin (z 
rmi n = 0 , 3 9 7 r  c ~ /  

~r c 

h = 2 1 /  10vr re + 

2r ' 9uo sin 

and a f t e r  the line 

5uvr 2 21rr 2 
h - - - - ~  

3Q sin a 32r 

In a c c o r d a n c e  with [11-13],  we will  de r ive  a r e l a t i o n  for  the t h i cknes s  of  the bounda ry  l aye r  and comple te  
l aye r  of l iquid f lowing ove r  so l ids  of  r evo lu t ion  having a c u r v i l i n e a r  g e n e r a t r i x .  Thus ,  in the case  of  a sphe re  
or  e l l ipsoid ,  fo r  example ,  we will  have r e s p e c t i v e l y  for  the b o u n d a r y - l a y e r  t h i ckness  

5 =  ~ /  15vR ((P-- 1 , 

uo sin 2 

{[ . 2e2--1 ] [ A l - - e  2 
5 = I f  -30v E(t, 8 ) ~ ] - - a  3 - - s i n t c o s t  

V uor 2 3 3e z 

while for  the t h i cknes s  of  the l aye r  of liquid up to the con tac t  line 

_1 :f5vR(,~-- 21 sin2q)) r2 
h =  ~/ 4 , 

sin z cpuo 2R sin qo 

h = | /  ~ e ( t , ~ ) ~ j  ,_ a 

and a f t e r  the con tac t  line 

h =  - -  

- -  F ( t ,  8)] i, 

]} 1-- eZ F (t, e) + 
3e 2 2r 

h 5gvR2 ( 1 s in2r  21r~ , 
2 sin (pQ ~ 2 32R sin 

5nv {E(t, e)2e~- -  i a3[--~-sinlcost l - - e 2  ]} 21rr - -  - - F ( t , ~ )  + - - ,  
rQ 3e ~ 3s 2 32r 

(17) 

(18) 

where  A = 4 1 -  e 2 s i n t .  

The  value of the funct ions  E(t ,  e) and F(t, e) can be found f r o m  tables  of e l l ip t i ca l  i n t eg ra l s  [18, 19]. 

Using the  r e s u l t s  obtained,  we find the  p a r a m e t e r s  of the  fluid l a y e r  on m o r e  compl i ca t ed  sol ids  of  
r evo lu t ion :  f o r  example ,  f o r  the  c a s e  of  flow o v e r  a plane c i r c u l a r  to rus  [11]. 

The equat ion  for  the boundary  l a y e r  m ay  be wr i t ten :  

5z = 30v r2Rq~ + 2rRZ(1 --cosq)) -+---~- q ~ - - - -  sin2(p _}_ 10vr 3 (19) 
u o (r + R sin (p)2 2 , ' 

cp= 0 for  the flat  pa r t  of  the d i sk  and r = r s for  the c u r v i l i n e a r  par t .  

The th i ckness  of the liquid l aye r  up to the contac t  line may  be found f r o m  (16) with a l lowance  for  (19). For  
the t h i cknes s  of  the liquid l aye r  a f t e r  the con tac t  line, we obtain a r e l a t ion  of the f o r m  

h = Q (r +5avR sin (p) r~R~ + 2rR2 (t - -  cos q~) + -2-  ,(9 - -  sin 2(p, + ~ 32 (r + R sin (P) 

We a l so  conducted  an  e x p e r i m e n t a l  s tudy of the flow of  a thin l aye r  of tap wa te r  over  the su r f ace  of pack-  
ing. The t h i cknes s  of the l aye r  was  m e a s u r e d  by a method d e s c r i b e d  in [7]. 

F i g u r e s  2-3  shows s o m e  of  the r e s u l t s  of  the e x p e r i m e n t  and r e su l t s  ca lcu la ted  f r o m  the t h e o r e t i c a l  fo r -  
mu la s  p r e s e n t e d  he re  and r e l a t i o n s  in [7, 11, 14-16] .  
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Fig.  2. Dependence of change in th ickness  of liquid 
l a y e r  h, mm,  along the radius  r, ram, of a f iat  disk: 
1) f r o m  Eqs.  (13), (14); 2) f r o m  [15]; 3) f r o m  [14]; 
4) f r o m  [16]; 5) f r o m  [7]; the points r e p r e s e n t  e m -  
p i r i ca l  r e su l t s ;  u 0 = 10 m / s e e ;  r c = 4 ram.  
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Fig. 3. Dependence of change in th ickness  of l a y e r  
h, ram, along an a r c  of a spher i ca l  packing ~, deg, 
with a radius  R = 50 m m ;  1) f r o m  Eqso (17), (18); 2) 
f r o m  [10]; the points r e p r e s e n t  emp i r i ca l  r e su l t s ;  
u~ = 4 m / s e e ,  r c = 4 ram~ 

An ana lys i s  indicates  s a t i s f a c t o r y  a g r e e m e n t  of the r e s u l t s  calcula ted with our equations and the e m p i r i -  
cal  data in the f i lm-f low region.  The d ivergence  is no g r e a t e r  than 8-10%. The d i sc repancy  becomes  more  pro-  
nounced only in the region c lose  to s t r e a m  ent ry ,  a fact explained by the pecul ia r i ty  of liquid flow in a region 
of impac t .  Th is  p e r m i t s  the conclusion that the r e su l t s  obtained a r e  valid in the region of f i lm flow, beginning 
with r = 2r  c, to the zone where  the layer  is  b roken  into drops .  The e m p i r i c a l  data con f i rms  the p re sence  of a 
l a y e r - t h i c k n e s s  min imum.  

In r e g a r d  to the data obtained by other  au thors ,  the bes t  a g r e e m e n t  is seen with [11, 14, 15]. The g rea t e s t  
d i s c r epancy  between our r e s u l t s  and the r e s u l t s  obtained in other  works  occurs  with [16]. 

Thus ,  the r e s u l t s  of our theo re t i ca l  invest igat ion of the a x i s y m m e t r i c  th in - l aye r  flow of a viscous  liquid 
over  the su r face  of sol ids of revolut ion of a r b i t r a r y  fo rm with the inf lowof a c i r cu l a r  s t r e a m  agree  sa t i s f ac -  
to r i ly  with the e m p i r i c a l  data.  

The theo re t i ca l  r e l a t ions  obtained make it poss ib le  to ca lcula te  the bs s i c  p a r a m e t e r s  without r e c o u r s e  to 
addit ional  e x p e r i m e n t a l  s tudies .  

N O T A T I O N  

v l, v~, ve loc i ty  p ro jec t ions ;  p, densi ty  of the liquid; ~, k inemat ic  v i scos i ty  coeff icient  of liquid; R, rad ius  
of cu rva tu re  of su r f ace  of the  body in the flow; 6, th ickness  of boundary  l aye r ;  u 0, r a t e  of inflow of s t r e a m ;  r, 
c u r r e n t  rad ius ;  Q, to ta l  flow r a t e ;  r 0, rad ius  of contact  line (circle);  50, th ickness  of l aye r  at  contact  l ine; h, 
th ickness  of  l aye r ;  r e, rad ius  of s t r e a m ;  r m i  n ,  rad ius  at which l aye r  th ickness  is min imal ;  hmin, min imum 
th ickness  of l aye r ;  2a ,  angle at  apex of conical  packing;  ~, cu r ren t  angle;  e, t, a ,  p a r a m e t e r s  of the e l l ipse;  
r s, conjugate l ine rad ius  of plane c i r c u l a r  t o rus .  
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